We propose a quantum bosonic qubit model on a fcc lattice to obtain mimetic dark matter. The general relativity contribution is implemented similarly to other works but it differs strongly on the implementation of the constraint equations and their meaning. Different theories as mimetic dark matter, the vector mimetic dark matter, and tensor-vector-scalar models are implemented on the lattice. In all these cases, a generalized Gauss' law incorporates an additional topological defect depending on the type of generalization, but always fitting in the structure of the topological defects from general relativity contribution.
Introduction
Diversity of the laws describing physical phenomena is one of the more intriguing mysteries in physics. Through the years the emergence principle has been extremely useful in condensed matter physics (CMP) (see for instance, [1, 2, 3, 4] ). This principle has permeated in other areas of physics. For instance, in theoretical high energy physics, and recently, in string theory.
At the present time, it is believed that spacetime described by the general theory of relativity (GR) is a long-distance (or low energies) approximation of an underlying theory at the Planck scale with fundamental degrees of freedom of different nature than the usual metric. Thus, GR is regarded as an effective theory valid at distances much more greater than the Planck length L P (for a review, see for instance, [5] ).
In the case of string theory, the emergence principle is naturally incorporated in the AdS/CFT correspondence [6] . It is well known that spacetime is a derived object from local degrees of freedom described by a supersymmetric gauge theory in the boundary of that spacetime.
Recently, in CMP developments regarding topological phases of matter have motivated new systematic implementations of theories where the gravitational interactions and the spacetime itself is emergent. Some of these examples were given in Refs. [7, 8] . In these references a graviton model is obtained in GR and in the context of Horava-Lifshitz theory of gravity [9] . A more recent attempt to obtain the fundamental string from a lattice model was given in [10] .
On the other hand, a new theory incorporating dark matter in general relativity was proposed in [11] . This theory was called Mimetic Dark Matter (see [12] for a review). In this theory, the usual dynamical degrees of freedom of GR, g µν , split out into an auxiliary metric and a scalar field. In this reference, it was argued that the scalar field component behaves as dark matter. In subsequent works the dark energy behavior was also incorporated. Since the development of Mimetic Dark Matter in [11] , and the extension to Vector Field Mimetic Dark Matter, TeVeS, and Inhomogeneous Mimetic Dark Energy, and Mimetic Gravity [13, 14, 15, 16] , there have been applications found in cosmology [17, 18, 19, 20, 21, 22, 23, 24] , in Einstein's gravity and geometry [25, 26, 27] , and in problems of singularities and black holes [28, 29] .
In the present work we propose a lattice model of the mimetic gravity. In this theory, dark matter and dark energy are also described how they do emerge from a qubit model.
The article is organized as follows. In Sec. 2 we give the basic facts about mimetic gravity, which will be important in subsequent sections. In Sec. 3 we give the implementation in the lattice of different models of dark matter and dark energy. The mimetic dark matter models with scalars and vector fields is also implemented. The inhomogeneous dark energy model and the mimetic tensor-vector-scalar gravity is also described. Finally, in Sec. 4 a summary of our results and some final remarks are given.
Preliminaries on Mimetic Dark Matter
In this section we briefly overview some basics facts on mimetic dark matter [11, 13, 15, 25, 30] , which will be necessary in the following sections. We are interested in giving some notation and conventions for future reference. Thus in this section we give a brief overview in order to present the all the material of mimetic dark matter in a concise way. However a few of the equations presented here, the Hamiltonians, will be repeated for convenience in subsequent sections. We follow mainly the references [13, 15, 30, 31, 32] .
We start by writing down the physical metric g phys µν in terms of the fundamental metric g µν and the gradient of a scalar field φ. This is given by
The physical metric is Weyl invariant. Thus, mimetic dark matter is a conformal extension of Einstein theory of gravitation. We will take
where we will be working with the gauge fixing: Φ − 1 = 0. Before writing the Hamiltonian, we will need to use the ADM decomposition of g µν (see [13, 15, 30, 31, 32] ):
where h ij is the inverse to the induced metric h ij on the constant time surfaces, N and N i are the lapse and shift functions from the ADM decomposition, and N i = h ij N j . We will be working with a Hamiltonian of the form (see [13, 15, 30, 33] )
with
where
where π ij is the conjugate momentum to h ij given by
is its inverse metric and h is the determinant of h ij . K ij is the extrinsic curvature and it is given by
where D i is the covariant derivative with respect to h ij . It is the standard term from general relativity, which will be obtained in Section 3, and H • T is the term related to the fields that will be added on the following sections. For instance, for only mimetic dark matter we have
where p φ is the conjugate momentum with respect to φ given by p φ = √ hλ∇ n φ,
and λ is a Lagrange multiplier implementing the condition 1 + h ij ∂ i φ∂ j φ = 0. Its canonical momentum p λ is given by p λ ≈ 0. The vector constraint is given by
For the vector field model of mimetic dark matter H • T is given by
where µ 2 is a parameter with the dimensions of mass squared and u n is the normal component of the vector field u i with respect the constant time hypersurfaces in the ADM decomposition. The vector constraint is
where p i is the conjugate momentum to the vector variable u i . Finally, for the mimetic tensor-vector-scalar gravity the Hamiltonian is given by
while the vector constraint is given by
It is important to remark that in our procedure all constraints will be implemented on the reduced phase space i.e. H T ≈ 0, and H i ≈ 0. The term H i is related to constraints depending on the added fields. There are other terms in the Hamiltonian in equation (4) (see [11, 13, 30, 34] ), but are not relevant for our purposes.
Emergence of Mimetic Dark Matter and Dark Energy from Bosonic qubit Models
In the following subsections, we will introduce different models of mimetic dark matter, and inhomogeneous dark energy in order to give a physical meaning to the topological defects found on equation (21) as a violation of equation (18), see [11, 13, 14, 15, 25, 33, 34, 35] . 
General Relativity contribution
Now, we will use the model given in Refs. [9, 8] (with the notation of reference [10] ) to implement the General Relativity part of equation (5) . For this model we will go straightforward to a bipartite lattice, for which we will use a fcc system with the gravitational variables defined on the sites and the center of the plaquettes (faces). In this way, we introduce the boson numbers n i,αβ defined on each plaquette i + α 2 + β 2 when α = β, and on each site i = (i x , i y , i z ) when α = β, as shown on the Figure 1 (i denotes the site of the lattice, while α, β denote the directions x, y, z). We define similarly the phase angle variables θ i,αβ conjugate to the boson numbers, and related to the boson creation operators by b i,αβ ∝ e −i θ i,αβ , and by the commutation relations
The Hamiltonian of the system is written as follows:
The first term, H 1 , is the nearest-neighbor hopping term between the boson numbers, for which the sum has the brackets " " and " " indicating that only nearest site-plaquette, and nearest plaquette-plaquette are allowed, which have the same distance. This interactions are shown in Figure 2 . The second term, H 2 , is the on-site interaction in whichn means the average boson number, which we will fix to 1 for simplicity, and the sum is over all the sites and boson numbers. The quantities n i,αβ are the eigenvalues of the operators n i,αβ .
The last term, H 3 , is an interaction term that only involves links. We have explicitly shown only the term for the link (i, x), which is the link between sites i and i + x, and is shown also in Figure 3 . The other links can be written similarly.
Following [8] and define a symmetric second-rank tensor π i,αβ = η i (n i,αβ −n), where η i = ±1, depending on the sublattice being used, andn = 1. We will take as convention
When the term of equation (17) is the dominant term, it can be interpreted as a Gauss-like constraint
where a sum over repeated indices is understood, and ∇ x is the lattice derivative in the x direction ∇ x π i,xβ = π i+x,xβ − π i,xβ . This constraint requires to keep the low energy Hamiltonian invariant under the gauge transformation
where f i,α is a vector defined on the link (i, α), and h i,αβ the conjugate of π i,αβ . The effective low energy Hamiltonian is given by (see [8] )
The link interaction of equation (17) showing the link (i, x) (in green), the plaquette bosons (in blue), and the site bosons (in red).
where the cosine terms are generated from the hopping terms at eight order perturbation t 1 , t 2 ∼ t 8 /V 7 ; and the curvature tensor is given by
for every site. We will not work with a dual lattice for the matters of our problem, but we will focus on the constraint of equations (17), (18) . If there is a violation of this constraint, as has been noted in references [9, 8, 10, 7] , there is a gauge charge field with phase angle θ α defined on the links, coupled to the field as:
Such phase angles are topological defects, and will be studied in the next sections, since they can be understood as mimetic dark matter, or inhomogeneous dark energy in the gravitational theory.
Mimetic Dark Matter Model
For the mimetic dark matter model, we will follow the line given in [13] , write the physical metric g phys µν in terms of the fundamental metric g µν , and a scalar field φ that we will add. Substituting this in the equation (2), and with the gauge fixing Φ − 1 = 0 we obtain that − g µν ∂ µ φ∂ ν φ = 1,
which will be worked as a constraint on the system. Given the ADM decomposition of equation (3), we see that −h ij ∂ i φ∂ j φ = 1, or
For the term H • T in Eq. (5), and the term H i in equation (4) we will use
and
Now, for the term 1 2 √ hλ p 2 φ in equation (24), it is important to notice that the discrete form is 1 2 √ hλ p 2 φ i , where we are simply adding an index to define the site location of the momentum conjugate to the field φ i . Also, the second term 1 (25) can be solved to obtain a relation for the divergence of π jk :
where we are using the equality symbol for simplicity, given that the constraints H T ≈ 0, and H i ≈ 0 are preserved under time evolution, and we will be working on the reduced phase space. If we move this system to the lattice, we can see that equation (26) can be written as:
where the variables φ i , and p φ i are defined on the site i. This is precisely a violation of the constraint in equation (18), and it appears as predicted by references [9, 8, 10, 7] . We can observe that equation (27) is an equation of vectors in the direction β. For the right-hand-side, the terms ∇ γ φ i can be seen as the links (i, γ), but we will use backward differentiation instead of the forward differentiation for matters of representation, so the links are (i − γ, γ). These terms are gathered in Figure 4 for β = x. In equation (27) , ∇ γ φ i is multiplied by 1 2 p φ i h i,γβ , which can be regarded as moving all the link 1 2 units in the γ direction and 1 2 units in the β direction. This displacement can be observed in Figure 5 for β = x.
For the left-hand-side of equation (27), we can see that the result has to be the same as the right-hand-side (see Figure 6 for the case β = x), so fitting it we observe that the terms ∇ y π i,xy , and ∇ z π i,xz keep using the backward differentiation, but the term ∇ x π i,xx is using the forward differentiation. This could be interpreted as a remnant of the covariant derivative, when translated into the lattice. The congruence of the term in equation (17), and the β = x term of equation (27) is visible in Figures 3 and 6 . For β = y, z we have a similar situation.
The constraint equation (27) represents only the part of the Hamiltonian in equation (25) . For the part of equation (26), the most important term we can see is the one depending linearly on λ, which, in order to ensure the constraint of equation (23), we take λ → ∞. This gives rise to some freedom on p 2 φ i in equation (24), and forces the system to change φ i with the term (1 + h i,αβ ∇ α φ i ∇ β φ i ), but we will see how this is part of a larger system on Section 3.3. It is important to notice that equation (24) is not a constraint as equation (25), but as can be seen explicitly in [13] , the preservation of the momentum conjugate to λ as a variable gives rise to the equation 
Inhomogeneous Dark Energy Model
Now, we perform a different modification to equation (2), by adding only one extra scalar field ψ to the mimetic dark matter model of Section 3.2 in [14, 15] . In this way, we end up with the following relations:
Here, it is important to point out that in the case of disformal transformations [36] , the second constraint equation in (28) does not has to hold. But as defined in [37] and observed in [11] , the transformations we are working with are conformal and they have to be that way to fit with our purposes, since the added scalar field φ is related to the conformal factor Φ without adding a new dynamical variable.
These last two relations modify the term H • T of equation (5) to get:
where V (ψ) is a potential term that can be added to the Hamiltonian, λ is a Lagrange multiplier for the first equation (28) , and ω is a Lagrange multiplier for the second equation (28) . The lattice form of equation (29) makes p φ → p φ i , and p ψ → p ψ i , keeps the restriction for φ i in the term 1
, and gives rise to a new restriction on ψ i , related to the one of φ i , in the term 1
This last term implies that φ i and ψ i cannot change in the same direction. The potential V (ψ) will be considered below.
Following the process of Section 3.2, we can see that we have
and moving this term to the lattice, we obtain
It is straightforward to see the similarity between equations (27) and (32), but the preservation of the momenta conjugate to λ and ω in equation (29) are very different. As seen in reference [15] , the preservation of the momentum conjugate to λ gives rise to
and the preservation of the momentum conjugate to ω yields
From the constraints in (28) we see that h ij ∂ i ψ∂ j φ = 0, so for the equation (34) we can obtain the relation
This leaves the system with some freedom on the variables p ψ i , and p φ i , since λ, ω → ∞ in order to keep the constraints of equation (28) , showing us in general three cases:
If we have the condition λ << ω, then we also have p φ i << p ψ i , making the field ψ i more dynamical than the field φ i . Note that the first restriction in (28) forces the field φ i to change according to the metric h i,αβ from one site to another in the vicinity, this keeps the quantity φ i away from zero, but from the second restriction either ψ i , or φ i can vary, but not both for that site. Since we have more energetic ψ i , then, φ i changes little compared to it, giving rise to more amount of ψ i than φ i . This means that in this phase we have both φ i and ψ i in the system, which is both dark matter and dark energy, with more dark energy, and more dynamical. The divergence law in equation (32) for the metric conjugate momentum can be understood as relying mostly on the dark energy.
As one turns λ ∼ ω, this makes p φ i ∼ p ψ i , equilibrating them in equation (32) , and also balances them. Finally, when λ >> ω, we also have p φ i >> p ψ i , giving rise to a more dynamical dark matter than dark energy. This phase can be regarded as a pure dark matter phase, like the one from the last section, in the case in which V (ψ i ) = 0. If V (ψ i ) = 0, then the last two terms of equation (29) can be combined, and we can see the dependence of this potential directly on 1
Notice that this is the only way in which the potential V can be added in our Hamiltonian, or combined with all the terms depending on ψ i , or p ψ i .
Following these results, it can be observed that λ and ω can be regarded as parameters of evolution, or a kind of phase transition. There are works using similar methods with the density for the phase transitions [38] , and even describing both dark matter and dark energy using the same scalar field [39, 40] . As analyzed there, in case the density of dark energy changes with time, we could use ω as a parameter related to the time. This could give a connection between our quasi-static model to a dynamical one.
Vector Field Mimetic Dark Matter Model
Once again, following the line of [13] and modifying equation (2) by putting the physical metric g phys µν in terms of a vector field u α , and the fundamental metric g µν , with the same gauge fixing, Φ − 1 = 0, we obtain:
There are some modifications for the term H • T of the Hamiltonian density in equation (5) , for which we have
where p i is the momentum conjugate to the vector field u i , and u n is the component of the vector field normal to the constant-time surfaces. Since we are working along a constant-time surface, we will drop u n from all the terms in equation (37) , but it can be regarded as a scalar term defined on the sites of the lattice. In order to write equation (37) in a lattice form we observe that the first term − 1
is a constraint on the amount of dimers defined surrounding the site i. In case u ni is taken into account, then the average quantity u i,α is modified, and forces a divergence of p i,α in the last term u ni ∇ α p i,α . This can be interpreted in the following way: if u ni = 0, then, at that site, there is no divergence for p i,α , which implies no modification of π i,αβ , but modifies the average quantity u i,α as explained above, this also implies evolution in time for that site given by u n ; on the other hand, if u ni = 0, then there could be a violation for the divergence of p i,α , implying a violation of π i,αβ , and there is no evolution in time given by the vector field u n .
The kinetic term 1 2µ 2 √ h h i,αβ p i,α p i,β gives some freedom for p i,α , since the third term makes µ → ∞ in order to impose the constraint
This last constraint can be interpreted as giving rise to the restriction ∇ γ u i,δ = ∇ δ u i,γ . On the other hand, if µ < ∞, then p i,α has to be null in order to vanish the kinetic term; the term
can be combined with the term u ni ∇ α p i,α , and, in the case in which a divergence is allowed, this divergence can be interpreted as a torsion of u i,α .
For the constraint in equation (38) , the term ∂ i u j p j − ∂ j (u i p j ) can be seen to be equivalent to the term −u i ∂ j p j , or in lattice form −u i,γ ∇ δ p i,δ , by using the arguments from the last paragraph. Notice that this is what is obtained regardless of the case in which we are, whether u ni = 0, or not. With this, we can follow the steps of Section 3.2, and obtain a modification of equation (38) to be:
which in lattice form can be written as:
It can be observed from this equation that the divergence of π i,βα is directly related to divergence of p i,δ , which is given by a scalar quantity defined at the site i. This is achieved by using the minus sign with the forward differentiation. Then, this scalar quantity is extended along the direction β by the projection of h i,γβ u i,γ . The final result is a vector (dimer) in the link (i, β), like in the last two sections.
Mimetic Tensor-Vector-Scalar Models
As presented in [13, 35] , we can modify equation (2) by keeping the same gauge fixing (Φ − 1 = 0) and writing the physical metric g phys µν in terms of a scalar field φ, and a vector field u µ :
with f (φ) a nonnegative function of φ.
The corresponding modifications to the term H • T of equation (5) are given by:
where V (φ) is a potential term that can be added to the Hamiltonian. The lattice form of equation (42), is the same as in the last section, but the function f (φ i ) makes a variation on how u i,α changes depending on the site, the scalar φ i , and the function f (φ i ) defined on it. As observed before, the divergence of p i,α gives rise to a divergence on π i,αβ , and this will now have a balance with the gradient of φ i (see equation (44) below). The last three terms of equation (42) can be combined and add up to be 0.
Following the steps of Sections 3.2 and 3.4 we can obtain a discrete model for the constraint in equation (43) as
which gives rise to a dimer in case any of the elements in the right side is different from zero.
Final Remarks
In the present article, we have proposed a model to obtain mimetic dark matter from a lattice model. We have used the fcc model proposed in Refs. [8, 9] , which were used to study the emergence of the graviton model and Horava-Lifshitz theory, respectively, from a lattice model. The general relativity contribution is implemented in a very similar way to the mentioned references, but it differs strongly on the implementation of the constraint equations. We considered a bosonic liquid of qubits in a bipartite fcc lattice. The gravitational variables are defined on the sites and the center of the plaquettes (faces). These quantum variables are the the boson number n i,αβ on each plaquette and their conjugate momentum θ i,αβ , the phase angle variables. For instance the Hamiltonian of this system is given by equations (14), (15) , (16) , (17) . These are described pictorially in Figures 1, 2 and 3 . We have implemented different mimetic theories on the lattice, starting with the mimetic dark matter [11] . The scalar degrees of freedom are incorporated through a modified Gauss' law (26) . This can be implemented on the lattice through a violation to the Gauss' law (27) , which can be regarded as a topological defect of a scalar field defined on the links (i, γ) on the lattice. The topological defect induced by scalar field has a similar structure as the one of Figure 3 . However, the modification gives rise a nontrivial effect such that it produces the effect of some displacements in the term ∇ γ φ i by a term 1 2 p φ i h i,γβ in all orthogonal directions x, y, z. A description of this process is given in Figures 4, 5 and 6 . Furthermore, a model incorporating scalar dark matter and scalar dark energy is also implemented in the lattice form in Section 3. The modified Gauss' law induces a discussion on the possible phases generated by comparisons between the parameters λ and ω.
Moreover, we have studied the cases of vector field mimetic dark matter and tensorvector-scalar models. In all these cases, we have again a generalized Gauss' law which incorporates an additional topological defect depending on the vector field configuration (40) for the vector model and (44) for the TeVeS model. The result on each model is described by a topological defect generated on the Hamiltonian by the presence of a field contribution. This is given in the same way as in the continuous mimetic dark matter model, in which the dark matter behavior arises naturally from the transformations. In all the cases, the defects fit with the defects found on the general relativity contribution, and have the same structure as in Figure 3 .
Finally, it is worth mentioning that the discrete models presented here would be of certain importance for future work dealing with quantum gravity, since some relevant properties as entanglement entropy, arise naturally in lattice models. It would be interesting to extend our lattice implementations to some mimetic higher-derivative theories of gravity as those of Horava-Lifshitz [16, 41] and Horndeski's theory [16] . Moreover, a deeper analysis of the constraints [42, 43] , and the emergence of dark matter from fractonic matter [44] , is being currently followed by the authors.
